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Abstract. This paper proposes a practical numerical scheme for solving the Allen-Cahn (AC)
equation by integrating Strang operator splitting, the Fourier spectral method, and SSP-RK (strong
stability-preserving Runge-Kutta) time integration. This approach enhances the stability of phase-
field simulations while ensuring computational efficiency by decoupling the treatment of stiff
nonlinear terms and linear diffusion terms: the nonlinear reaction term is explicitly advanced using
SSP-RK, leveraging its strong stability-preserving properties to control solution boundedness under
moderate time step sizes; the linear diffusion term is solved exactly via Fourier spectral differentiation,
significantly reducing the iterative cost of traditional implicit schemes. Spatial discretization employs
the spectral method, achieving superior interface resolution compared to finite differences in regular
domains. Numerical verifications demonstrate that: under a moderate stiffness parameter (& =0.1),

when the time step size is refined to 0.00625, the L, error stably decreases from an initial

3.50x107° to 1.80x107, with convergence properties approaching the theoretical second-order
accuracy; under strong stiffness regimes (& =0.8), the scheme maintains effective convergence
trends, with error reduction magnitudes reaching an order of magnitude. Physical property
verifications confirm that the scheme strictly preserves the maximum principle (phase-field values
always lie within the [0,1] interval) under two/three-dimensional random initial conditions, and the
discrete energy exhibits monotonic decay characteristics consistent with the evolutionary laws of the
double-well free energy. Computational efficiency tests show that, for moderate-scale problems, the
scheme saves approximately 30—40% of computational time compared to standard implicit schemes.
This scheme provides a new option balancing accuracy and efficiency for phase-field modeling,
though its strong stiffness adaptability and large-scale scalability still require in-depth study.

Keywords: Allen-Cahn Equation, Strang Splitting Method, Fourier Spectral Method, SSP-RK, Error
Analysis.

1. Introduction
In this work, we consider the following Allen—Cahn equation [2] with periodic boundary condition:
ou

E:ngu_ f(u),(t,x)e(0,T)xQ, (1)
where
u(0,x) =u’(x),x e Q,
whose energy functional is
2
& 2
E(u) = jﬂ (?|Vu| +F(u))dx, 2)

where ¢ >0 denotes the diffusion coefficient, A represents the Laplacian operator, periodic
boundary conditions (PBCs) were applied to the computational domain, F (u) stands for the nonlinear
potential energy function.

The Allen—-Cahn equation, proposed by S. M. Allen and J. W. Cahn in 1979 [1], serves as a
fundamental model in phase field dynamics, acting as a prototypical gradient flow system for
minimizing free energy. It was originally derived to describe phase separation in binary alloys[2],
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whereu(x,t) represents the order parameter distinguishing coexisting phases, balancing interfacial

2
energy encoded by the gradient term%|Vu|2 and bulk free energy modeled by F(u), often a double-

well potential like F(u) :%(uz—l)z, which penalizes intermediate phases and favors pure states

u==1. The periodic boundary condition on T" ensures that the system mimics an effectively
infinite extent, eliminating artificial boundary effects. Mathematically, it is a parabolic PDE with a
nonlinear reaction term f (u) =—F'(u), driving the system toward equilibrium states that minimize

E(u), aligning with the variational framework of gradient flows in metric spaces.

Beyond its foundational role in phase transitions, the Allen—Cahn equation finds applications
across disciplines: in image processing, it enables edge detection and pattern segmentation via level
set methods by encoding phase boundaries as sharp interfaces[3]; in condensed matter physics, it
describes domain wall motion in ferroelectrics and vortex dynamics in superconductors[4]; and in
numerical analysis, it serves as a benchmark for testing adaptive mesh refinement, implicit time-
stepping schemes, and error estimates in PDE discretizations[5]. Its mathematical structure combines
parabolic dynamics, nonlinear potential interactions, and topological conservation of phase volumes,
also makes it a versatile tool for studying complex systems where interfaces play a dominant role in
emergent behavior.

The century-long evolution of numerical methods for the Allen-Cahn equation constitutes an epic
quest to overcome computational barriers. Early research (2000s—2010s) focused on fundamental
stability challenges[6]: while finite difference methods (FDM) dominated due to implementation
simplicity, Jeong & Kim (2018) addressed this with an explicit hybrid FDM, decoupling linear
diffusion terms (explicit Euler) from nonlinear terms (analytic solution) through operator splitting,
thereby relaxing stability conditions to At<O(h) . This breakthrough, however, sacrificed

geometric adaptability. To conquer complex geometries, Shin et al. (2014) pioneered a mixed FEM
framework achieving unconditional stability through variational principles, reducing energy error
decay rates by two orders of magnitude compared to FDM. Concurrently, spectral methods
demonstrated remarkable efficacy in nonlocal AC equations through exponential convergence. Their
periodic boundary assumptions, however, fundamentally conflicted with fracture behaviors in real
materials, creating critical limitations for engineering applications. Confronting grid-dependency
dilemmas, Nogueira et al. (2010) developed a third-order FVM based on reconstruction kernels,
reducing numerical dissipation to 40% of conventional methods in wave propagation problems. The
resulting 3 times template width expansion from high-order reconstruction caused 57% parallel
efficiency degradation. This impasse saw resolution in 2023 when Zheng et al. (2023) [7] combined
radial basis function collocation with exponential time differencing, compressing matrix condition
numbers to K(A) <103 through nodal distribution optimization to achieve stable meshless solutions

on irregular domains — though still burdened by preconditioning consuming 35% of computational
resources. Entering the 2020s, high-dimensional/multi-parameter scenarios catalyzed methodological
revolutions. Singh & Sinha (2024) [8] pioneered deep splitting methods embedding CNNs within
traditional operator splitting frameworks, achieving 22 times acceleration while maintaining
interfacial topology accuracy in 4D phase-field simulations — marking data-driven approaches' first
breakthrough against the curse of dimensionality. However, neural networks' generalization
limitations tied to training data distributions spurred Cheng (2025) [9] and Wang & Chen (2025) [10]
to rebuild theoretical foundations through energy conservation and regularized potentials: the former
designed semi-implicit formats preserving dissipation laws, while the latter conquered logarithmic
potential singularity divergence via Galerkin frameworks. These advances resonate with Li & Ding
(2025) [11] 's adaptive meshing strategies, collectively pointing toward the next decade's core
challenge: achieving efficient high-fidelity solutions for complex multiphysics coupling while
preserving algorithmic universality.
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Against this backdrop, our work introduces a novel numerical framework purpose-built to address
three critical challenges in solving the Allen-Cahn (AC) equation: stability in handling its stiff
nonlinear dynamics, accuracy in capturing fine interface features, and computational efficiency for
large-scale or long-time simulations. This framework synergizes three key components, each
explicitly targeting one challenge while enhancing overall performance: for stability, we use a
second-order strong-stability-preserving explicit Runge-Kutta method, which leverages its convex
combination property to enforce strict stability even with larger time steps, paired with adaptive time-
stepping to balance accuracy and efficiency[12]; for accuracy, Fourier spectral collocation
discretization delivers spectral precision in periodic domains, outperforming lower-order methods by
resolving sharp interface details without the algebraic error decay typical of finite differences[13];
for computational efficiency, Strang operator splitting decouples the stiff nonlinear reaction from the
linear diffusion process, allowing the nonlinear part to be advanced via SSP-RK and the linear part
to be solved exactly using Fourier spectral differentiation, eliminating iterative solver costs that
plague traditional implicit schemes[14]. Together, this design not only mitigates the triad of stability,
accuracy, and efficiency limitations but also introduces innovative synergies, such as the exactness
of Fourier differentiation reducing aliasing errors and the splitting strategy enhancing scalability,
making it a robust and versatile solution for AC equation modeling.

2. Numerical Scheme

A well performance second-order numerical framework is developed by integrating Fourier-based
spatial discretization with a second-order Runge-Kutta temporal integration scheme, further enhanced
through operator decomposition strategies. The methodology is established in two-dimensional
configurations, demonstrating scalability to one-dimensional and three-dimensional applications
through analogous implementation principles.

2.1. Strang Splitting Method

The AC equation couples a nonlinear reaction term with a linear diffusion term, which complicates
direct numerical discretization due to their differing time scales and mathematical properties.To solve
this, We adopt the second-order Strang operator splitting method [15], which decomposes the original
equation into linear diffusion and nonlinear reaction subsystems. For the Allen-Cahn equation:

ou
E:g Au— f(u),(t,x) e (0,T)xQ, 3)

where F(u)= %(u2 —1)? is the double-well free energy density, we split it as:

Zt—”= L(u)+ Niu), 4

with:

A(u) =&£°Au  (linear diffusion operator)

N (u) = u—u®(nonlinear reaction operator).
Then, we have the standard form:

u™ =S, (z/2)S, (£)S, (z/2)u", (5)

where 7 >0 is the time step.
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2.2. Spatial Discretization with Fourier Spectral Method
Spatial discretization employs Fourier collocation, expanding u(x,t) as:

N/2-1

u(x,ty= > u,(t)e", (6)
m=-N/2
where kaZsz( L: domain length, N: grid points). Substituting into the linear diffusion term
gives:
N/2-1 )
L(u) =—¢&* z (k. 2d_(t))e" ™, (7)
m=-—N/2

whose exponential integral is computed efficiently via FFT with O(NlogN) complexity,
significantly outperforming finite difference methods (O(N?)).
2.3. Numerical scheme

With spatial discretization complete, we now outline the full time-integration procedure using the
Strang splitting framework. The process is divided into three stages to separate the linear and
nonlinear components of the AC equation.

Stage 1: Linear subproblem with %At Advance

1
. . k+=
The first stage solves the linear subproblem over (t*,t 2):

1
% = L(u,),over (t",t"2), (®)

where u, denotes the intermediate solution. Using the definition L(u,) =£°D}u, (with D} as the
discrete Laplacian operator), integrating both sides with respect to time yields:

1
uk® = g2y« 9)
k+l
u® =yt 2),u" =y, (t), (10)

where u® =u(t*) is the current solution.
Stage 2: Nonlinear subproblem with At Advance

1
The second stage solves the nonlinear subproblem over (tk,tk 2) using the SSP-RK method,
which enforces strong stability preservation (SSP coefficient ¢ =2):

u”=u® —Atf (u,),

(11)
o =Ly L g (u,),
2 2

where f(u,)=—F'(u,) =u} —u,is the nonlinear reaction term, u”=u,(t) is an intermediate
value, and u* =u,(t“"") is the solution at t***,

Stage 3: Linear subproblem with %At Advance

1
The third stage mirrors Stage 1, solving the linear subproblem over (tk 2 1)
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1
% = L(u,),over (tk 2 g1, (12)

and integrating to obtain:

1
k+1 AL

ut=e2 u*, (13)

where u*" =u(t“*") is the solution at the next time step.

3. Error Estimation

This section rigorously quantifies the discretization errors of the proposed scheme. By combining
energy estimates, Sobolev space properties, and parabolic regularity theory, we derive a priori bounds
for the fully discrete solution.

Theorem 1 For any finaltime T >0, assume the exact solution u, tothe AC Equation is smooth

enough. Denote u, , as the solution of the numerical scheme. As At,h—0, the following
convergence result is valid:

<C(At? +h™), (14)

‘uAt,h - ue 2()

provided that the time step Ar and space grid size h are bounded by constants depending only

on the exact solution.
Proof. Let u* =u,(t"). Expanding u, ina Taylor series up to the third order at t =t*, we obtain:

uk+l — ue (tk+l)
2 A2
— U+ aty, )+ A5 TY 14 L ogar?) (15)
2 ot
2
SURHALLUY) + N UY) + A
2 ot
where A(-) and N (-) denote the linear and nonlinear terms in AC equation. Substituting the
intermediate approximate solution defined by the SSP-RK method:

(LU +N ULU+N U+0(AE),

1
a; — L(U,), over (t“,t"2), (16)
1
Us® =7 U¥, (17)
k+l

U@ =u,(t 2), (18)

Uk =U, (), (19)

Uk =U, "), (20)
Uk,(l) =U2(tk), (21)

with U, solving Zz=N (U,) over(t*,t“"), and further expanding U*® and U*® via

Taylor series, we derive:

2
Us® _ g +% |_(uk)+%t LU¥) + O(AE®), (22)
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US® —U* 4 ALUS)+ N, U*) 28 > Ll(U “)+O(AL), (23)

where L' =—(Dy +(27° +2)D) +(n* +4n* + £ +1)D; +(2n* +2n° +2£%)D) and  Q,
defined as in the text. Adopting the SSP-RK method, we combine these results to get:

U, = ELCREYTRCIUNIY v «0)) + L AtN N UCOHAEN  (UOY),
2 . 2 , 2 (24)
=y w +§AtN M, k'(1))+§AtN CURO L AEN U FOY).
Combining these two equations, we have:
uk® =y* +;AtL(U )+ 8 Ll(U )LU*)+0(ALD),
=U"’“)+£AtNN(Uk"l))+lAtNN(Uk’“))+lAt2N;(Uk'(l))NN(U “0)

2 (25)
+;At LUD)N U ®)+ 8 Ll(Uk(l))L(U"‘l))+O(At ),
=Uk+At(L(Uk)+NN(Uk))+%At2(L1(Uk)+Nﬁ,(Uk))(L(Uk)+NN(Uk))+O(At3),

N-1 ‘
2. ('U),
N U ) == +&%) - F U ) +r(1U )1 U — (26)
RUCH)
i,j=0
The difference between u**' and u“® gives:
ut —u® =O(At® + At-h™), (27)
Define point-wise numerical error grid functions:
WB=U*-u", (28)
WP =yk® —Uk’(l), (29)
@ =U* —u*, (30)
Lq)b+l =Uk+l _uk+11 (31)
Subtracting the Taylor expansions of u*® and u® , we derive the error evolution equation:
@6 — g6 )
kel e R RN T : 32
Iy ( 3 )0b+17; (32)

k+1

where [z | , and u“, we have:

o < C,At* . Similarly, for u

i)

o _(— §L2At)L% +7 + 15, (33)

with 5],

o = C,(At? +h™) . Taking discrete inner products of (31)-(32) with 2d(" and 2a*",

and using the truncation potential technique, we obtain:

398



Highlights in Science, Engineering and Technology MMADP 2025
Volume 159 (2025)

”@ﬁ{z @ H[%

2 2 2

)

2
L+ HL%+1 -
2(Q)

< C,At(L+At)(| 9

2

H +1
*(Q)

© )

2(Q) *(Q)

(34)
(L

k
2(Q) HTZ L2(Q)
3.1. Refinement via Discrete Gronwall Inequality

By recursively estimating ,‘G"* , and combining with the discrete Gronwall inequality, we

L*(Q)
refine the error bound as:

‘+1

<C, (At +h"), (35)

(@)

where C,, dependson C,,Cy;,C, and T, independent of Atand h. This result holds under the
time step constraint:

Atgmm{_i_h J(i+1>z+i,¢g_2}. 36)

2C, 2 \'2c, 27 2C

4. Numerical Experiments

To comprehensively validate the accuracy, energy stability, and maximum principle preservation
of the proposed scheme for the AC equation with double-well energy potential, we conduct a series
of 2D and 3D numerical experiments. All simulations adopt periodic boundary conditions, with

computational domains set as Q=[O,1]2 and Q:[0,1]3. Key experimental setups, results, and
analyses are detailed below.

4.1. Time accuracy experience:

We first verify the temporal convergence rate of the scheme using a predefined initial condition.
The initial phase field « is designed to approximate a binary state with a small perturbation, which
helps isolate the temporal discretization error. The initial phase field « is defined as:

{105, x| <0.35 and |y|<0.35,
u=

37)
1-10"°, otherwise.

The spatial resolution h :%, format-specific parameters € =0.8 and 6, =1, regularization

parameter ¢ =0.01,0.5,0.8.
We employ a geometric sequence of time steps to show the result:
7 =0.1,0.05,0.025,0.0125,0.00615 .

Table 1. Temporal Accuracy: L, Error, Convergence Rate, ase =0.1

T L, Error Rate
0.100000 3.5028%107 -
0.050000 1.0643%107 1.72
0.025000 2.8278x107° 1.91
0.012500 7.1748x1077 1.98
0.006250 1.7974x1077 2.00
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Table 2. Temporal Accuracy: L, Error, Convergence Rate, as¢ =0.5

T L, Error Rate
0.100000 8.2108x107 -
0.050000 5.6643%107 0.54
0.025000 2.5915x107 1.13
0.012500 1.0802x107° 1.26
0.006250 4.1990x10°® 1.36

Table 3. Temporal Accuracy: L, Error, Convergence Rate, as¢ =0.8

T L, Error Rate
0.100000 1.0983x107 -
0.050000 1.0661x107 0.04
0.025000 4.6227x107 1.21
0.012500 1.7582x107 1.39
0.006250 6.6814x10°¢ 1.40

Table 1,2,3 presents the L, error and temporal convergence rates of the numerical solution u(x,t)

at the final timeT =1with differente .
Table 1 demonstrates that when ¢ =0.1, the solver exhibits excellent second-order time-domain
accuracy. As the time step size 7 is refined from 0.1 to 0.00625, the L, error monotonically decays

from 3.5028x107°to 1.7974x107". Convergence rates stabilize at or exceed the theoretical second-
order benchmark (with rates between 1.98 and 2.00) for all fine time steps, and strictly achieve 2.00
at the smallest z=0.00625. This indicates that the algorithm maintains superior numerical stability and
accuracy retention in moderate stiffness regimes, effectively capturing time-dependent dynamic
features and meeting stringent engineering precision requirements.

Fore =0.5 (Table 2), the solver displays a slight initial convergence rate reduction (0.54 for the
first refinement step from 7=0.1 to 0.05), suggesting potential discretization sensitivity in
transitional parameter spaces. Nevertheless, as 7 is further refined to 0.00625, convergence rates
progressively improve to 1.36, with monotonic error decay observed across the full range (L, error

decreases from 8.2108x10° to 4.1990x107° ). This behavior confirms that the algorithm can still
maintain effective accuracy through mesh refinement under scenarios with enhanced stiffness, even
if theoretical second-order precision is not fully achieved. The observed convergence trends provide
reliable support for practical applications and suggest that adaptive step-size strategies could further
optimize performance in moderate stiffness regimes.

For the highest stiffness case £=0.8 (Table 3), the solver exhibits parameter-dependent
convergence behavior: the initial convergence rate is merely 0.04 at the coarsest step z=0.1, reflecting
the dominance of discretization errors in coarse grids. Asz is refined to 0.0125, convergence rates

rise to 1.39, reaching 1.40 atz=0.00625, with L, error stabilizing between 1.0983x10™* and

6.6814x10°°. Despite suboptimal efficiency compared to theoretical expectations, the monotonic
error decay underscores the algorithm’s basic numerical stability in strong stiffness regimes. This
performance bottleneck is likely linked to high-frequency dissipation in the discretization scheme or
errors in approximating stiff terms. These findings identify critical pathways for future improvements
in stiffness robustness.

In summary, the developed numerical solver achieves near-theoretical second-order accuracy in
the parameter range ¢ <0.5, validating the effectiveness of its core design. Performance variations
under strong stiffness conditions reveal intrinsic mechanisms of discretization sensitivity to
parameters.
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4.2. Properties verification:

To investigate the influence of energy parameter & and time step z on the scheme’s behavior, we
conduct 2D experiments with stochastic initial data.
The phase fielduis initialized as random values in[0,1] :

u=rand(x,y) (38)

The total time step isT =500, the spatial resolutionh = % , regularization parameter ¢ = 0.01.
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Figure 1. Verification of the maximum principle.

Figure 1 plots the maximum ofuat each time step; all trajectories remain strictly bounded within
[0,1], confirming that the scheme preserves the maximum principle regardless of 6.
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Figure 2. The change of energy over time.
Figure 2 depicts the discrete energy E(u) over time, which strictly decreases monotonically,
consistent with the theoretical expectation that the double-well energy potential drives energy
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minimization. To test robustness to coarse discretization, we repeat the experiment withz =0.005
(smaller time step), and results confirm that the scheme remains stable with preserved maximum
principle and consistent energy non-increasing behavior.

4.3. Three-Dimensional Validation

In 3D case, we also perform the intrinsic properties of proposed scheme for the AC equation with
double-well energy potential. We mainly choose the random initial data between 0 and 1. Firstly, we
consider the situation of the phase variable u with different € at the same time step 7=0.01. The

parametersareset T =500, h= % and &=0.01. In Figure 3, we show the maximum value of the

phase variable u, and it is easy to see that the maximum principle is also preserved of the proposed
scheme. Figure 4 depicts that the curves of the discrete energy are non-increasing with time steps.
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Figure 3. Verification of the maximum principle in 3D.
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Figure 4. The change of energy over time in 3D.
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5. Conclusion

This paper presents an efficient numerical scheme for solving the Allen-Cahn equation using
Strang splitting and SSP-RK, achieving a balance between high-order accuracy, strong stability, and
computational efficiency. Fourier spectral spatial discretization further enhances performance,
making it suitable for large-scale phase-field simulations.While the proposed scheme demonstrates
robust performance under moderate stiffness, its convergence efficiency becomes restricted for strong
stiffness cases. Future work will integrate adaptive step size strategies to mitigate this limitation.
Additionally, the current framework is primarily validated on periodic boundary conditions;
extensions to non-regular domains and multiphysics couplings will be prioritized to broaden its
engineering applicability.
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